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Let {X,: i E I} be an arbitrary family of spaces, we say that the Cartesian product X has the 
approximation property when C(X) coincides with the Algebra on X generated by the functions 
which depend on one variable. In this paper we study the problem of characterizing topologically 
when an arbitrary product space has the approximation property. We prove that if X is an 
uncountable pseudo-K, -compact P-space, then X x Y has the approximation property if, and 
only if, X x Y is pseudo-K,-compact. As a corollary we obtain the following characterization for 
P-spaces: Let X and Y be f-spaces, then X x Y has the approximation property if, and only if, 
X or Y is countable or X x Y is pseudo-n,-compact. 
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Introduction 
In [2] Blair and Hager studied when, for Tychonov spaces, X x Y is z-embedded 
in the product of Stone-eech Compactifications /3X x BY or, equivalently, when 
C(X x Y) coincides with the Algebra on X x Y generated by the functions of one 
variable. 
In this paper we study the problem above for the product of an arbitrary family 
of spaces. In order to do it we give the following definition: Let {Xi: in I} be an 
arbitrary family of spaces, we say that the Cartesian product X has the approximation 
property when C(X) coincides with the Algebra on X generated by the functions 
of one variable. So we study when an arbitrary product space has the approximation 
property. 
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Preliminaries 
N (resp. R) will denote the set of all natural numbers (resp. real numbers); IA] 
will denote the cardinality of A; P(A) (resp. P,(A)) will denote the collection of 
all subsets (resp. finite subsets) of the set A. 
By space we mean a completely regular, Hausdorff topological space. The closure 
of a subset A of X will be denoted by cl A or, when there is possibility of confusion, 
by clxA. Analogously, the interior of a subset A of X will be denoted by int A or 
intx A. The complement of a subset B of X will be denoted by X-B. 
As usual, C(X) (resp. C*(X)) will denote the collection of all real-valued 
continuous functions (resp. and bounded). A zero-set in X is a set of the form 
Z(f) = {x E X: j(x) = 0) for somefE C(X). Complements ofthese are called cozero- 
sets. We set coz(f) =X-Z(f). Let Z(X) (resp. coz(X)) denote the collection of 
all zero-sets (resp. cozero-sets) in X. 
An algebra on X (terminology from [6]) is a subalgebra of C(X) which contains 
constants, separates points and closed sets, and is closed under uniform convergence 
and inversion in C(X). Let L be a subring of C(X) then the Algebra on X generated 
by L will be denoted by H(X, L). If .~4 is an Algebra on X, then Z(d) will denote 
the collection {Z(f): f~ d}. 
In the sequel, if {Xi: i E I} is an arbitrary family of spaces, we shall denote by X 
the Cartesian product n {Xi: i E I}; and by L the ring of continuous functions on 
X, @ { C(Xi): i E I}, formed by finite sums of finite products of continuous functions 
which depend on one variable. 
Let {Xi: i E I} be a family of spaces, we have (see [2] or [7]) the following 
characterization of the Algebra H(X, L): 
Let f~ C(X), then f E H(X, L) if, and only if, given an open set I/ in R, then 
f’( I/) is the union of a countable family of sets of the form n { Ci: i E I}, where 
Ci is a cozero set of Xi and Ci f X, only for finitely many i E I. 
When a function f satisfies the above property it is said that f verifies the 
cozero-rectangle condition. In the same way, given f E C(X), it is said that f satisfies 
the open-rectangle condition when, for every open set U in R, we have that f’( U) 
is the union of a countable family of sets of the form n {V;: i E I}, where Vi is an 
open set of Xi and Vi # Xi only for finitely many i E I. 
1. The approximation property for two spaces X and Y 
We shall begin by giving an example noticed by Van Douwen in his review of [2] 
in Zentralblatt, analogous to one given by Husek in [8], which shows that the 
approximation property of Xx Y is not determined by topological properties of 
XXY. 
Example 1 Let X and Y be two spaces such that X x Y does not have the approxima- 
tion property; and let Z be a locally compact space with a countable base of open 
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sets. Then the space (X x Y) x 2 has the approximation property (see [2]) and the 
space X x ( Y x Z) clearly does not have the approximation property. 
A space X is said to be weak Oz (see [13]) if for every ZE Z(X) we have that 
X - int Z(X).’ The class of weak Oz spaces includes, among other spaces, the class 
Oz, all basically disconnected spaces and the space of all ordinals less than the first 
uncountable ordinal. 
Lemma 1.1. Let X and Y be two weak Oz spaces; and let f E C(X x Y). Iffor every 
pair U and V of open sets of X and Y respectively, there are two zero-sets, Z, E Z(X) 
and Z, E Z( Y), such that U x Vc Z, x Z, and f(Z, x Zz) s cl f( U x V), then the 
open-rectangle condition implies the cozero-rectangle condition. 
Proof. Suppose f E C(X x Y) verifies the open-rectangle condition. For every open 
set G of R there exists a sequence of open sets {G,: n E N} with cl G, c G for all 
nEN and G=l._l{G,: nEN}. 
As f satisfies the open-rectangle condition, for each G, there is a sequence of 
opensetsofXxY{U,,xV,,:m~N}suchthatf’(G,)=U(U,,xV,,:m~N). 
By hypotheses, there are two sequences of zero-sets {ZA,: m E N} and {Z’,,: m E N} 
belonging to Z(X) and Z(Y) respectively, such that 
U,,, E Z!,,, V,, s Z’,, and f(Zt, x Z&J E cl f( U,,, x V,,,) E cl G, G G. 
Since X and Y are weak Oz spaces, we have that {int Zi,: m E N} and 
{int Z’,,: m E N} are two sequences of cozerosets with 
f’(G)=U{f’(G): nEN1 
~U{intZ!,,xintZ~,:nEN,mEN) 
G u {f’(cl G,,): n E N}cf’(G). 
Thus f satisfies the cozero-rectangle condition. 0 
The next proposition improves [2, 3.2(c) and (d)] since each P-space and each 
space in the class Oz is weak Oz. On the other hand, Ohta proved in [12] that in 
the proposition one has to assume something about Y. In the proof we make use 
of techniques given by Kellerer in [9]. 
Proposition 1.2. Let X be a second countable space and let Y be a weak Oz space. 
Then X x Y has the approximation property. 
Proof. By [2, Theorem 3.21, given a function f E C(X x Y), we have that f satisfies 
the open-rectangle condition. Since X and Y are weak Oz spaces, we can apply 
Lemma 1.1. 
’ If ti is an Algebra on X, we say that Z( .eP) is symmetric when X - int DE Z(d) for every DE Z(d). 
Some properties of this concept have been studied in [7]. 
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Let U and V be two open sets of X and Y respectively; and let S be a countable 
dense subset of II. Let us consider E = n {f’(x, . )(F): x E S}, where F = 
cl f( U x V). We have that f(x, . ) E C( Y) for every x E X, thus E E Z( Y) and V c E 
as S c U. On the other hand, let us define D = clx S, then DE Z(X), as X is a 
second countable space, and U c D. 
It is clear that U x V c_ D x E. Let (x, y) E D x E, then there exists a sequence 
{x,: n E IV} c S such that lim x, =x. We have that f(x,, y) E F for all n E N, hence 
f(X,JJ)EF. cl 
A space X is called pseudo-K,-compact if each locally finite (or pairwise disjoint 
locally finite) family of nonempty open sets is countable. 
A space has the countable chain condition if each pairwise disjoint family of 
nonempty open sets is countable; evidently, this implies pseudo-K, -compactness. 
We shall prove now a property about P-spaces which will be useful in the sequel. 
Lemma 1.3. Let X be a P-space pseudo-N,-compact. Then for any uncountable family 
of open sets {Vi: i E I}, there exists a point p E X such that every neighbourhood of p 
intersects each element of an uncountable subfamily of {V,: i E I}. 
Proof. We can suppose that {V,: (Y E W(o,)}, where W(w,) is the set of all ordinals 
less than the first uncountable ordinal, is the uncountable family of open sets. 
Let V, be the first element of the family and let .x1 E V,. If x1 is a closure point 
of an uncountable subfamily of {V,: a E W(q)}, then the lemma is proved. So we 
can suppose that there is an ordinal number /3, < w, and a neighbourhood U; of 
x1 such that U\ n V, = 0 for all (Y > pi. Let us define U, as a closed neighbourhood 
of x, such that U1 c LJi n V,. Let y2 = j3r + 1, then consider the open set Vy, and 
X~E V,,2. By repeating the reasoning above, there exists an ordinal number p2 < 
o,(p2> pi) and a neighbourhood U; of x2 such that U;n V, = 0 for all (Y > &. Let 
us define U, as a closed neighbourhood of x2 such that 7J2z U;n V,,. 
By transfinite induction we can define an uncountable family of closed sets with 
non-empty interior, {U,: 8 E W(w,)}, such that U, c V,, for all 6 E W(q) and 
U, n U,, = 0 if 6 # 6’. 
Since X is pseudo-N,-compact, there exists p E X such that every neighbourhood 
of p intersects each element of an infinite subfamily of {U,: S E W(w,)}. It follows 
(since X is a P-space and {US: 6 E W(wl)} is a pairwise disjoint family of non-empty 
closed sets) that every neighbourhood of p intersects each member of an uncountable 
subfamily of {Us: 6 E W(w,)}, hence every neighbourhood of p intersects each 
element of an uncountable subfamily of {V,: LY E W(w,)}. Cl 
The following two Lemmas characterize the approximation property when a factor 
is a P-space, and they generalize the Lemma 1.2 given by Frolik in [3]. The former 
was stated by Blair and Hager in [2, Proposition 2.11. 
Lemma 1.4. If X x Y has the approximation property, then 
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(a) In X x Y, there is no uncountable locallyfinitefamily { U, x V;: i E I} of nonempty 
open rectangles with each of { Ui: i E I}, {Vi: i E I} pairwise disjoint. 
(b) Either X has the countable chain condition or Y is pseudo-K,-compact. 
Lemma 1.5. Let Y be an uncountable pseudo-K,-compact P-space; and let X be a 
space such that X x Y is not pseudo-K,-compact. Then there exists a locally jinite 
family {UC,,, x V(,,): y E W(wl)} of non-void canonical open sets of X x Y such that 
the families { LJCvI: y E W(w,)} and { VCv): -ye W(wl)} are pairwise disjoint. 
Proof. The space X x Y is not pseudo-K,-compact so, by [ 10, Lemma 3.31, there 
exists a locally finite family { LJ, X V,: (Y E W(w,)} of nonempty canonical open sets 
of X x Y such that the family { V,: (Y E W(w,)} is pairwise disjoint. 
Let x0 E U,; by Lemma 1.3 there exists p E Y such that every neighbourhood of 
p intersects each element of an uncountable subfamily of { V, : a E W( 0,)). Consider 
the point (x,, p)~ X x Y, then there exists a neighbourhood U of (xO,p) which 
intersects at most finitely many members of the family { CJ, x V,: a E W(q)}. Let 
us suppose that U = U” x p and let Lb be the cofinal subset of W(q) defined by 
Lb = {a E W(w,): V, n V’# 0). Then there exists a finite subset L,” s Lh such that 
U”nU,=Oforall~EL~-Lg. 
We now set UCO, = U” n U, and LO = L& - Lg; thus UCO, is a neighbourhood of x0, 
UCO, c U, and UCO, n U, = 0 for all (Y E L,. 
We shall proceed by transfinite induction. Suppose p E W(w,) and let us have 
defined the following families: 
{LGv,: r<P], {L,: r<P], {L:: r<P], IL’:: r<P], 
{Vy: r<P], {Uy: r<P], ix,: r<P] and Ia,: r<P] 
such that UCv, is a neighbourhood of x, UC,,, E LJa, and UCy, n LJ, = 0 for (Y E L,, 
this for every y < p. L, = L’, -U { Lg: 6 s y}, Lb is a cofinal subset of W(w,) with 
Lb E Lk if y 2 6, Lc s L\ and 1 Ltl< NO, this for every y < p. Vy is a neighbourhood 
of p and Vy G Vs if y > 6, this for every y < p. 
Let V=(7{Vy: y<f3}, V is a neighbourhood of p; and let Lp = 
{a E W(w,): V n V, f 0}, Lp is a cofinal subset of W(w,). We have that V G Vy for 
all y < /3, thus Lp c L’, for all y < p. Let ‘Ye be the first ordinal number belonging 
to LB - IJ {L;: y < j3}, and let x6 E Uap. The point (xP, p) E X x Y, hence there exists 
a neighbourhood of (x0, p), Up x VP, which intersects at most finitely many members 
of the family { U, x V,: (Y E W(q)}; we can suppose that VP G V. Let Lb be the 
cofinal subset of W(wl) defined by Lb = {CI E W(w,): VP n V, =: 0}, it is clear that 
Lb G Le. On the other hand, there is a finite subset L$ c Lb such that Up n U, = 0 
for all LY E Lb - Li. Let us denote the set Lb-U {L;: y c /3} by Lp and let U,,, = 
Up n Ua,, then it follows that UC,, E LJ+ and U,,, n U, = 0 for all (Y E Le. 
By transfinite induction we obtain an uncountable family { UCvI: y E W(w,)} of 
non-void open sets of X which is pairwise disjoint and UC,,, E Ua, for all y E W(q). 
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Now consider the family of non-void canonical open sets of XX Y defined by 
{U(u) x v(v): Y E W(wl)}, where Vcy, = Va, for all YE W(w,). Then this family 
possesses the desired properties since the families { UC,,): y E W(o,)} and { Vcv): y E 
W(w,)} are pairwise disjoint. c7 
Theorem 1.6. For X an uncountable P-space, the following properties are equivalent: 
(a) X is pseudo-K,-compact and X x Y has the approximation property. 
(b) X is pseudo-K,-compact and X x Y is C*-embedded in X x BY. 
(c) X x Y is pseudo-N, -compact. 
Proof. (c)*(b) This is [5, Theorem 4.2 and Proposition 6.11 
(b)*(a) This is clear; since, by [2, Theorem 2.21 X x/3Y is Z-embedded in 
/3X x p Y. Thus X x Y is Z-embedded in PX x p Y or, equivalently, X x Y has the 
approximation property. 
(a)+(c) Suppose that X x Y is not pseudo-K, -compact, then by Lemma 1.5 
there is an uncountable locally finite family {U, x vi: i E I} of non-void canonical 
open sets such that the families {U,: i E I} and { &: i E I} are pairwise disjoint. By 
Lemma 1.4 X x Y does not have the approximation property. 0 
Corollary 1.7. Let X be an uncountable P-space; and let Y be a space which does not 
have the countable chain condition. Then X x Y has the approximation property $ and 
only iJ X x Y is pseudo-K,-compact. 
Proof. Suppose that X x Y is pseudo-K,-compact, then Theorem 1.6 shows that 
X x Y has the approximation property. 
Conversely, let us suppose that X x Y has the approximation property. Then by 
Lemma 1.4 X must be pseudo-K, -compact. Thus Theorem 1.6 shows that X x Y is 
pseudo-K, -compact. 0 
The next Corollary is a characterization of the approximation property for P- 
spaces. 
Corollary 1.8. Let X and Y be P-spaces, then X x Y has the approximation property 
if; and only if, X or Y is countable or X x Y is pseudo-K,-compact. 
Proof. If X or Y are countable then they are homeomorphic to IV. Thus, by [2, 
Theorem 3.21, X x Y has the approximation property. 
If X x Y is pseudo-H,-compact, then Theorem 1.6 shows that X x Y has the 
approximation property. 
Conversely, suppose that X and Y are two uncountable P-spaces such that X x Y 
is not pseudo-K,-compact. By [lo, Lemma 3.31, no uncountable P-space has the 
countable chain condition. Hence Corollary 1.7 proves that X x Y does not have 
the approximation property. 0 
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2. The approximation property for an infinite family of spaces 
Let {Xi: i E I} be an arbitrary family of spaces. In the sequel, if J G U, we shall 
denote by X, the Cartesian product fl {Xi: iE J}, by L, the ring of continuous 
functions @ {C(X<): i E J} and by PJ we shall denote the projection map from X 
(the Cartesian product n {Xi: i E I}) to X,. 
In the first place we shall show that, as a matter of fact, it is sufficient to study 
the approximation property only for countable families of spaces. In order to do it 
we shall need the following Lemma which is easily verified. 
Lemma 2.1. Let {Xi: i E I} be an arbitrary family of spaces; and let J be a countable 
subset of I. Then f E H(X,, LJ) if and only if, fop, E H(X, L). 
On the other hand, if we consider on X the ring of the continuous functions 
which depend only on a countable number of coordinates (f depends only on a 
countable number of coordinates when there exists a factorization f = g 0 PJ, where 
J G I is a countable set and g E C(X,)), then it is easy to verify that such ring is 
an Algebra on X which contains the tensor product @ { C(X,): i E I}. Thus it contains 
the Algebra H(X, L) generated by the tensor product. 
Proposition 2.2. Let {Xi: i E I} be an uncountable family of spaces. Then X has the 
approximation property iJ; and only iA X is pseudo-K,-compact and each countable 
subproduct of X has the approximation property. 
Proof. Let us suppose that X is pseudo-K,-compact and each countable subproduct 
of X has the approximation property. If f E C(X) then, see [ll, Theorem 2.31, f 
depends only on a countable number of coordinates. I.e., there exists a countable 
subset J G I and a continuous map g E C(X,) such that f = go P,. Thus, by Lemma 
2.1, f E H(X, L). 
Conversely, if X has the approximation property then it is clear, from Lemma 
2.1, that each countable subproduct of X has the approximation property. On the 
other hand X must be pseudo-K,-compact, since if X is not pseudo-K,-compact, 
then, by [ll, Theorem 2.31, there exists f E C(X) such that f does not depend only 
on a countable number of coordinates, hence f & H(X, L) which is a contra- 
diction. q 
In order to corroborate the Proposition 2.2, we shall give an example of an 
uncountable family of spaces which does not have the approximation property, but 
each countable subproduct has the approximation property. 
Example 2. Let X0 be an uncountable discrete space; and let {Xi: i E I} be an 
uncountable family of second countable spaces. The family of spaces {Xi: i E (0) u I} 
satisfies the requirements above. 
X is not pseudo-K,-compact since X,, is not pseudo-K,-compact. Hence X does 
not have the approximation property. 
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On the other hand, each countable subproduct of the family {Xi: i E I} is a second 
countable space. Thus, if Jc I and J is countable, then, see [6, Theorem 31, 
C(X,) = H(X7, 4). We have that X, is second countable and X0 is weak 
Ox, hence C(XOxXJ)=H(XOxXJ, C(X,)OC(X,))=H(X,xX,,O{C(X,): 
i E (0) u J}). Thus each countable subproduct has the approximation property. 
We shall finish studying the approximation property for countable families of 
spaces {X,,: n E N} such that every finite subproduct has the approximation property. 
Proposition 2.3. Let {X,: n E N} be a sequence of spaces such that everyjnite subprod- 
uct has the approximation property and belongs to the class Oz. Then the Cartesian 
product X possesses the approximation property. 
Proof. Let f~ C(X) and let G be an open set of R. We can suppose that G = 
lJ { G,: m E N}, G, open set in R and cl G, c G for all m E N. Let J E ?Pr( N) and 
let us consider the family of sets Z?(J) formed by all open sets, C, of X, such that 
Cx(n{X,,: naJ})c_f’(G,). Let v, =lJ{C: CE 8(J)} and let u, = 
V, x (n{X,,: n g J}); then we have that 
f’(Gm)=U{IJ,: JE~AN)]. (I) 
By hypotheses, X, E Oz for all J E Pr( N), thus cl V, E 2(X,) and int(c1 V,) E 
coz(X,) for all JE !Y’,( N) (see [l, Theorem 5.11). Every finite subproduct has the 
approximation property, hence int(c1 V,) E coz(H(X,, LJ)). Let us denote the set 
int(c1 V,) x (n{X,,: nE J}) by W,(m), then 
W,(m)Ecoz(H(X,L)) and f(U,)zf(W,(m))~clf(U,)~clG,,,~G. 
(II) 
From (I) and (II) we deduce that 
f’(G)=U{W,(m): rnE N,JEP~(N)}; thusfEH(X,L). Cl 
We obtain a more restrictive result with respect to the spaces weak Oz. First we 
shall need the following Lemma. 
Lemma 2.4. Let {X,,: n E N} be a sequence of spaces such that every finite subproduct 
has the approximation property. Suppose that there exists a finite set K E N such that 
X, is separable for all n E N-K. Let U = G,, x (n{X,,: n @ J’}), where G,) is an open 
set ofX,,; and let f E C(X). Then there is a zero-set D E Z(H(X, L)) such that U c D 
andf(D)sclf(U). 
Proof. Let J E PF( N) such that J 2 K u J’; and let U’= P,(U). Since S = 
n{X”: n E J} is a separable space, there exists a countable dense subset H or S. Let 
us consider the function fi E C(X,) for all z E H. 
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If we denote by F the set clf( U), thenf;‘(F) E 2(X,). We have that U’E~;‘(F), 
thus U’c n{&‘(F): z E H}. Let D’= n{f;r(F): z E H} E 2(X,). Every finite sub- 
product has the approximation property, hence D’E Z( H(X,, LJ). Thus D = D’ x S E 
Z(H(X, L)). It is clear that U c D. Now let x E 0, then x = (y, y’) with y E X, and 
y’~ S. Since H is dense in S, there is a sequence {z,: n E N} c H which converges 
to y’. On the other hand y E 0, hence f(y, z,,) E F for all n E N, thus f(y, y’) E F or 
f(D) s clf( U). 0 
Proposition 2.5. Let {X,: n E N} be a sequence of spaces such that everyfinite subprod- 
uct is weak Oz and has the approximation property. Zf there is a finite set K c N with 
X,, separable2 for all n E N - K, then X has the approximation property. 
Proof. Let f E C(X) and let G an open set of R. We can suppose that G = 
U{Gm: m e N}, where G,,, is an open set of R and cl G, c G for all m E N. 
Let J E 9,(N) such that J z K, and let us consider the family of sets 8(J) formed 
by all open sets, C, of X, such that C x (n{X,,: n&J}) cfl(Gm). Let V, = 
U{C: C E 8(J)} and U, = V, x (n{X,,: nEJ}), then we have that 
~‘(G,)=U{U,:JE~~(N),J~K}. (I) 
By the lemma above, for all J E 9”,(N) such that J 2 K, there exists a zero set 
2, E Z(H(X, L)) with U, & 2, and f(Z,)ccl f( U,). On the other hand, 2, = 
D,x(n{X,: nE.Z}) with DJgZ(H(XJ, LJ)). 
Every finite subproduct has the approximation property and is a weak Oz space, 
thus int 0, ~coz(H(X~, L,)). Let us denote the set (int DJ)x(n{Xn: naJ}) by 
W,(m), then 
W(m)Ecoz(H(X,L)) and f(UJ)&f(W,(m))~clf(U,)EclG,~G. 
(II) 
From (I) and (II) we deduce that 
f’(G)=U{W,(m): mEN,JEPF(N),.ZzK}, 
i.e. f E H(X, L). 0 
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